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Abstract 



(i) 



The conjugacy classes of the involutive automorphisms of the affine Kac-Moody algebras C 
for I > 2 are determined using the matrix formulation of automorphisms of an affine Kac-Moody 
algebra. PACS: 2.20.+b, 03.30.+p, 11.17.+y, 12.40Aa. 



1 Introduction 

The significant role played by the automorphism groups of semi-simple Lie algebras is well known. In 
particular, the study of the involutive automorphisms of complex semi-simple Lie algebras by 
Gantmacher jjj allowed Gantmacher 0] to obtain a very elegant systematic determination of all 
the simple real Lie algebras. As one can expect a similar situation for the affine Kac-Moody 
algebras, it is clearly important to determine the conjugacy classes of the group of automorphisms 
of the these algebras as well. Moreover, there are also significant implications for the Virasoro 
algebra and conformal field theory through the Sugawara construction. The part played by Kac- 
Moody automorphisms in this context has been discussed by Bernard ||, Walton [Q], Bouwknegt 
§, and Font @. 

The structure of the affine Kac-Moody algebras and their Weyl groups is now very well estab- 
lished. (For reviews see Kac |7j, Goddard and Olive [||, |9[, and Cornwell ||10[). Unless otherwise 
stated all the notations and conventions that will be employed in the present paper are those of 
||10[| . In particular, quantities belonging to the simple complex Lie algebra £° associated with an 
untwisted affine Kac-Moody algebra C are distinguished from the corresponding quantities belong- 
ing to £ by a superscript 0, so that, for example, a is the linear functional on the Cartan subalgebra 
H of C that is the extension of the linear functional a on the Cartan subalgebra TL° of £°. 



An automorphism of an affine Kac-Moody algebra C that maps every element of its Cartan 
subalgebra 7i into an element of Ti is called a "Cartan preserving automorphism" . The study of 
this type of automorphism was initiated by Gorman et al. [[0]] and extended further by Cornwell 



[12|. Although such automorphisms are very important, in that every conjugacy class of the the 
automorphism group contains at least one Cartan preserving automorphism, it is necessary to 
go beyond such automorphisms. The main reason for this is that it is possible for two Cartan 
preserving automorphisms to be conjugate members of the group of all automorphisms of an affine 
Kac-Moody algebra, even though they are not conjugate within the subgroup of Cartan preserving 
automorphisms. That is, conjugacy of Cartan preserving automorphisms within the group of 
all automorphisms of an affine Kac-Moody algebra is often achieved via "non-Cartan preserving 
automorphisms" . 

To enable this problem to be tackled systematically, a comprehensive method of dealing with all 
the automorphisms of an untwisted affine Kac-Moody algebra based on a matrix formulation of the 
untwisted affine Kac-Moody algebras was developed by Cornwell |TI| (extending some previous work 
on the corresponding "derived subalgebra" CJ by Levstein [jljj . It was shown in |l2| that in general 
there are four types of automorphism within this matrix formulation, which were called "type la", 
"type lb" , "type 2a" , and "type 2b" . The explicit derivation of all of these types of automorphism, 
as well as the investigation of identical automorphisms and of the identity automorphism, the 
formulae for the products of automorphisms, the conditions for an automorphism to be involutive, 
the formulae for the inverses of automorphisms, and the conjugacy conditions for automorphisms 



may all be found [12]. The account given below just describes the parts that are essential for the 



present analysis. Previous papers (Cornwell |14| , 15, 16], Clarke and Cornwell [jig] ) have discussed 

5 £ 



in detail the conjugacy classes of the involutive automorphisms of the algebras A^ and Bl 1 ^ (for 



1 > 1). 

The present paper is devoted to a derivation of the conjugacy classes of the involutive automor- 
phisms within the group of all automorphisms of C^ 1 "* , the analysis of which presents a number of 
new features. Its organization is as follows. In Section [2] the essential facts concerning the struc- 
ture of C^ and the relevant formulae of the matrix formulation are very briefly summarized, and 
a concise notation for certain matrices is presented. The transformations of the Weyl group of Cg 
are given in Section |3|, and are used in the first subsection of Section || to deduce the matrices that 
generate the required involutive automorphisms. Some general results on the conjugacy problem 
for C^ are obtained in the second subsection of Section ^j, and these are developed further for the 
three specific types of automorphism that occur for in Section [j| Section ||, and Section 0. The 
results are summarized in Section |8|. 

2 Preliminaries 

2.1 The structure of C 

It is well known ([{?], || ^, |l(J) that every complex untwisted affine Kac-Moody algebra £ can be 
constructed from its corresponding simple complex Lie algebra C° in the following way. C may be 
taken to have a general element of the form 

co n° 

Y Viv tj ® Op + /u c c + fi d d, (1) 

j= — oo p=l 

where fij p , fi c , and (id are arbitrary complex numbers, with only a finite number of the fij p being 
non-zero. Here j takes any integer value, are the basis elements of C° (where p = 1,2,..., n°, 



nP being the order of £°, and where t is a complex number). The commutators of £ are given by 

[P ® a°,t k ® 6°] = t j+fc (8 [a , 6°] + jS j+k '°B°(a , b°)c (2) 

(for all integers j and and all a°,b° £ C , where the commutators and Killing form B°( , ) of the 
right-hand side are those of £°), 

[t j ® aP, c] = (3) 

(for all integers j and all a G £°, and where again the commutator on the right-hand side of (0) 
is that of £°), 

[d,^®o°]=it J '®o°, (4) 
(for all integers j and all a E £ ), and 

[d,c]=0. (5) 
If /i° (for = 1, 2, . . . , £) are the Weyl basis elements of the Cartan subalgebra TL° of £° corre- 

a k 

sponding to the simple roots a° k (for fc = 1, 2, . . . , £) of £ , then the £ + 2 basis elements c, d, and 
t° h o (for fc = 1,2, ... ,£) constitute a basis for a Cartan subalgebra TL oi C. The basis of the 

"derived subalgebra" £' of £ consists of all the basis elements of £ except d. 

Every linear functional, and, in particular, every root, a that is defined on TL° can be "ex- 
tended" to give a linear functional a on H by the definitions 

otif ® /i°„) = a (/A) (for fc = 1,2, . . . ,£), a(c) = 0, a(d) = 0. (6) 

fc fc 

Moreover, if 5 is the linear functional on H defined by 

5(t°®/i° ) = (for k = 1,2,..., £), 6(c) = 0,6(d) = 1, (7) 

"fc 

then, for every integer value of j, P ®e^ corresponds to a root j5 + a of £ and P h corresponds 

k 

to a root j5 of £ (for fc = 1, 2, . . . ,£). Moreover, for fc = 1,2, ... ,£ the simple roots of £ are 
just the extensions of the simple roots of £°, and the remaining simple root «o of £ is given by 
ao = 5 — an, where an is the extension of the highest root oP H of £°. 

2.2 Matrix formulation of the automorphisms of C 

Let r be a faithful irreducible representation of some dimension dp of £ , and let 7 be the Dynkin 
index of T. Then the first term J2p=i ^jp & ® a p °f the general element (Q) of the affine 

untwisted Kac- Moody algebra £ is represented by the dr x dp matrix Sp=i / i jp^"T(ap). A 

typical matrix of this form will be denoted by a(t), i.e. 

00 n° 

E E HpM4)- (8) 

j=—oo p=l 

Clearly all the entries of a(t) are Laurent polynomials in the complex variable t. A typical element 
of £ can then be written as 

a(t) + n c c + (j, d d. (9) 

(Of course in no sense do the + signs in @ represent ordinary matrix addition). 

Each of the four types (la, lb, 2a, and 2b) of automorphism of £ depends on the following 
three quantities (although the dependence is different for the different types): 



1. a dr x dr matrix U(i), which is assumed to be invertible and for which all the entries of U(i) 
and U(i) _1 are assumed to be Laurent polynomials in the complex variable t; 

2. a non-zero complex parameter u; 

3. an arbitrary complex parameter £. 

It is convenient to exhibit these together as a triple in the form {U(t),u,£}. As noted below, for 
C^p the type lb automorphisms and the type 2b automorphisms coincide with the type la and the 
type 2a automorphisms respectively, so only the actions of type la and type 2a automorphisms </> 
need be explicitly displayed: 

1. Actions on a(t): 

(a) For type la automorphisms: 

0(a(t)) = U(t)a(ut)U(t) -1 

+ -Res{tr(U(t)- 1 a(ut))}c. (10) 

7 dt 



(b) For type 2a automorphisms: 



0(a(i)) = U(t)a(ut -1 )U(t) -1 



2. Actions on c and d: 
and 



+ -Res{tr(U(t)- 1 a(ut _1 ))}c. (11) 

7 ai 



0(c) = Aic, (12) 



<P(d) = A**(U(t)) + £c + (13) 
where 3>(U(i)) is the eZr x dr matrix that depends on U(t) according to the definition 

*(U(t)) = {-^ U(t) -i + i-tr(t^ UW- 1 )!}, (14) 



and 



_ J 1 for type la, 
1 — 1 for type 2a. 



If the triples {U(i),it, £} and |U'(i), u', £'} specify two automorphisms of the same type, then 
these automorphisms are identical if and only if 

U ' = u,? = e, (i6) 

and there exists a non-zero complex number r\ and an integer k such that 

U'(t) = r/^U(i). (17) 

A type la automorphism corresponding to the triple {U(t), u, £} is involutive if and only if the 
following three conditions are all satisfied: 

U(t) U(ut) = r/t fc l (18) 



for some complex number rj and some integer k, 



u 2 = 1, (19) 

and 

f = -i-ResMU^- 1 ^ *(U(«*)))}. (20) 

Similarly a type 2a automorphism corresponding to the triple {U(t),it,£} is involutive if and only 
if the following two conditions are all satisfied: 

U(t) U^ 1 ) = r/t k l (21) 

for some complex number rj and some integer k, and 

£ = -^Res{tr(U(t)- 1 ^1 ^ufar 1 )))}. (22) 

The necessary and sufficient conditions for the conjugacy of a pair of automorphisms <p\ and </>2 of 
C corresponding to the triples {Ui(£), u±, £1} and {U2(i), u 2 , £2} respectively via an automorphism 
of £ corresponding to the triple {S(£),s,£} will now be stated. More precisely, these are the 
necessary and sufficient conditions for the automorphism equality <j>i = (f> o </> 2 o cj)' 1 to hold. In each 
case there three such conditions, but only two will be exhibited explicitly. These are the conditions 
relating the matrix Ui(i) to the matrix U2(i) and the parameter u\ to the parameter 112- It is 
possible to also relate the parameter £1 to the parameter but the resulting expressions will be 
omitted as they are very complicated and will not be needed in the subsequent analysis. If (f>\ and 
4>2 are conjugate then they must be of the same type. 

1. If 4>\ and <p2 are two type la automorphisms and is a type la automorphism, the conditions 
are: 

i]t k \Ji{t) = S(t) U 2 (st) S(U2*)"\ (23) 
where rj is any non-zero complex number and k is any integer, and 

ui = u 2 . (24) 

2. If 4>\ and §2 are two type la automorphisms and 4> is a type 2a automorphism, the conditions 
are: 

r/t fc Ui(i) = S(t) V 2 {st' 1 ) Hy\ (25) 
where r\ is any non-zero complex number and k is any integer, and 

u\ = u^ 1 . (26) 

3. If 4>\ and $2 are two type 2a automorphisms and is a type la automorphism, the conditions 
are: 

r^Ui(t) = S(t) U 2 (st) S^-V*" 1 )" 1 , (27) 
where 77 is any non-zero complex number and /c is any integer, and 

u-y = S - 2 u 2 . (28) 



4. If (pi and fa are two type 2a automorphisms and <fi is a type 2a automorphism, the conditions 
are: 

r/t fc Ui(t) = S(t) U 2 (st _1 ) S^ii^t -1 ) -1 , (29) 
where r\ is any non-zero complex number and k is any integer, and 

Ul = s 2 ^- 1 . (30) 

Taken together, these results imply that in searching for the conjugacy classes of involutive 
automorphisms of ci 1 ^ only three categories of class representatives need be considered, namely: 

1. type la involutive automorphisms with u = 1, 

2. type la involutive automorphisms with u = —1, 

3. type 2a involutive automorphisms with u = 1. 

2.3 The affine Kac-Moody algebra Cf } 

The algebra has (£ + 1) simple roots oq,. • and generalized Cartan matrix A, where 
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The quantities < aj,at > , are given by 

< aj,a k >= B jk , 

where the matrix B is 



4(£ + 1) 
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(For the matrices A and B the index set is taken to be {0, 1, . . . ,£}). As the associated simple 
complex Lie algebra for is the algebra Ce, it follows that an = 2(«i + • • • + a>e-i) + a>e, and 
hence that 

5 = a>o + 2(«i H >r ae-i) + ae 

c = h ao + 2(/i Q , 1 + • • • + h ail ) + h at . 



As Ci is the complexification of the real Lie algebra sp(£), Ce may be taken to be the set of (2£ x 2£) 
complex matrices a that satisfy 

aJ + Ja = 0, where J = ^ ° ^ ^ . (31) 

If a matrix U(i) is to correspond to an automorphism of ci , then the mapping 

a(t) i-> U(t)a(ut)U(f)- 1 

must stabilize the 'matrix part' of the algebra. That is, the image of a(i) must satisfy (|3l|), Schur's 
lemma implies that this condition is satisfied if 

U(t)JU(t) = /(t)J, 

where /(i) is some function of t. With the assumption that U(i) and U(i) _1 have entries that are 
Laurent polynomials, then det(U(i))= act?, where a is some non-zero complex number and j3 is 
some integer. 

For Ce the representation T of (S) may be defined as follows. Let 



e 3 ~ 3 — 1) 2 > 

2££ j = ^ 



so that the roots of may be expressed in the form 

(sj - e k ) for 1 < j < k < I 
(£j + e k ) for 1 < j < k < t. 

Then the matrices representing the basis elements of may be taken to be 

m s_\ {4(£ + l)}- 1 (X„-X J+lj+1 ) for j = l,2,...,£-l 
j {2(£ + l)}" 1 X v forj=£ 

r(e £j _ e J = {4(£ + l)}-2X ifc for j < k;j,k = 1,2, ... ,£ 

T(e £j+ek ) = {4(£ + + S jk )}-^Y jk for j < k; j, k = 1, 2, . . . , £, 



where the matrices X and Y are defined below in (|33|). This representation T is equivalent to its 
contragredient representation, since 

f = -JTJ \ 

which implies that the type lb automorphisms and the type 2b automorphisms coincide with the 
type la and the type 2a automorphisms respectively. The Dynkin index of this representation is 
given by 

^wrry (32) 

2.4 Concise notation for matrices 



It is necessary to introduce some notation here to make subsequent analysis more concise. The 
expressions 'dsum' and 'offsum' are analogous to the commonly-used 'diag'. 



1. The first of these indicates a direct sum. For example 



/ a 
b 



dsum{a,b, ... ,y,z} 





\ o o 



\ 




y o 

z / 



where a, b,. . ., y, z are square matrices. 
2. The expression 'offsum' is similar to the previous expression. Thus 



/ 




offsumja, b, . . . , y, z} 



y 
\ z 



a \ 
b 




0/ 



where a, b,. . ., y, z are all square matrices. 
3. The (£ x i) matrices e pq (where 1 < p, q < i) are defined by 

{&pq)jk djpdkq- 

Then X pg and Y pq (where 1 < p, q < i) may be defined by 



X 



pq 



dsum{e p(? , -e qp }, Y pq = offsum{(e p g + e qp ),0}. 



(33) 



4. Some 'general' matrices will now be defined. These are matrices which are used to typify 
whole collections of specific matrices. The 'general' matrix Dj^ is defined to be the general 
(k — j + I) x (k — j + 1) matrix that satisfies 

D jjk = diag{l, Aj+i^ 1 , . . . , X k t^} \ 2 q = 1 (for j + 1 < q < k) , 

while D° k is of the general form Dj^ but has the additional constraint that fJ,j+i = • • • = 
= 0. (For all of the general matrices it is assumed that X q is a non-zero complex number 
(for l<q<£). 

5. The general matrix Gj^ is defined by 

G jtk = diag{\ j t^,...,X k t^}. 

Ej fc, Fj fc and Hj t k are defined to be variants of Gj^. In the case of Ej^ it is required that 
fij,... ,Hk be even. In the case of Fj^ the requirement is that they be odd and in the case 
of Hj,k that they be zero. Furthermore Ej,fc, Gj : k and Hj^ are defined to be the variants 
obtained by setting Xjt^ = 1 in Fj^, Gj^ and Hj^ respectively. 

6. The general matrices L^*., Mj^, and Nj^ are defined such that 

{(Lj t k)ab, (Mj,fe)o6) (Nj,k)ab} = 

{\ a t l * a , A a f a , Xaf"" 1 } for a = b - 1; (a - j) even 

{Aji 1 t-""- 1 ,(-l)' 4 »- 1 Aji 1 t-' t «- 1 ,A7i 2 t' i »- 1 } for a = 6+1; (a- j) even 
{0, 0, 0} otherwise, 



where a, 6 have the index set {j, . . . , k}. 



7. The general matrices k , M^- fc , and N^- k are defined by 



{(^ ifc )„ 6 ,(Mj jfe ) a6! (iVj )fc ) a6 } = 
' {1,1,1} for a = j;b = j + l 

{\ a t^, \ a t^, \ a t^} for a = b - 1; a ^ j; (a - j) even 
< {A 2 ^ 2 ,A 2 i^ 2 , A 2 } for a = 2; 6 = 1 

{A 2 A-i 1 ^-^-S(-l)^A 2 A-^-^-SA 2 A-i 1 ^-i}a = 6 + l;a/ j;(a-j) even 

{0, 0, 0} otherwise, 

where in k the additional constraint is imposed that /i 2 be even. The matrices L° k are 
defined to be of the form Jj'- k but such that Hj = fij+2 = • • • = fJ-t-2 = Mfc = 0; M2 = 1- 

8. Let W,- be the (A; — j + 1) x (k — j + 1) matrix defined by 

W jtk = diag{l, -1, . . . , 1, -1}, 
where k and j are such that (k — j) is even. 

9. For the quantities fij (where 1 < j < ^) that are encountered later on, quantities pj are 
defined to be functions of the fij. Let 

{1 if /ij is odd 
if /Uj is even. 

Furthermore, aj is defined in terms of the above by letting <jj = \{pj — fij)- 

In general, throughout this paper, otherwise undefined quantities such as a, A are taken to be 
non-zero complex numbers. In expressions like at 13 therefore, a is taken to be a non-zero complex 
number, with f3 being implicitly assumed to be an integer. 

3 The Weyl group of C e 

The following list of the representatives of each conjugacy class of involutions of where W^ 1 ' 

is the Weyl group of Ci was obtained using the results of Richardson (JT^j). As in the case of 
the representatives lend themselves to listing by "families" , although such a listing is slightly more 
complicated for the present analysis. In this section the quantities q and r take integer values 
between and t. For some families q and r will have other restrictions placed upon them. Thus, 
by taking all possible values of q and r (subject to restrictions), the conjugacy class representatives 
are obtained. In the following list the numbers 1,2,..., 9 refer to the "families". r° is the most 
general form of representative in each family. These results used in the next section. 

1. This family contains just one representative given by 

r>°) = a° j = l,2,...,l 

2. This family contains only the representative given by 



r°(a°) = 



-a° j = l,2,...,L 



3. Let q range over the integers 2,3,. . . ,£ — 1 and let r° be given by 

r>°) = a° j<q~l 
T°(a°_i) = a°_ 1 + 2(a° + --- + Q?_ 1 )+a? 
r°(a°) = -a° fc > q. 

In the case where q = 2, @ simplifies to 

T°(a°) = a? + 2(al + --- + a^_ 1 ) + a? 
r°K) = -a£ fc>g. 

4. Let q and r be such that q is odd, r ^ £ and r — q > 2. t° is given by 

T°(cd) = —a? j is odd and 1 < j < q 

T °( a k) = a °k-i + a k + a fc+i ^ * s even an d 2 < k < q — 1 

t°«J = a° m g + 2<m<r-2 

r°(a°_ x ) = a°_ 1 + 2(o°H + a »_ 1 )+ a ° 

r°K) = -a° r<n<£. 

5. Let (/ be odd and such that I — 2 > q. Then 

r°(a°) = — a° j is odd and 1 < j < q 

T °(. a k) = a k-i + a k + a fc+i ^ i s even an d 1 < k < q 

r°(a° +1 ) = a° + a° q+1 + 2(a° +2 + --- + a° e _ 1 ) + a° e 

T°(a° m ) = -a° m q + 2<m<£. 

6. Let q be odd and such that q ^ £ if £ is odd and also such that q ^ £ — 1 if £ is even. Then 

r°(a°) = — a° j is odd and 1 < j < q 

T°(a k ) = a%_x + o° k + a k+1 k is even and 1 < k < q 
r°(a° +1 ) = a° + a° q+1 



q + 2 < m < £. 



7. In this case £ — q is even, q ^ 1 and q ^ 2. 



r°(a°) = a°j l<j<q-2 

T^a^) = a° q _ x +Aq 

T°(a° k ) = -a° k q < I < £ and £ - k is even 

T °( Q m) = a m-i + a m + a m+i q < rci < £ and I — m is odd. 

8. This root transformation is associated only with odd values of I. 

r°(a°) = -a° 1 < j < £ and j is odd 

T °( Q fc) = a °k-i + Q fc + a fc+i 1 < < ^ and A; is even. 

9. This root transformation is associated only with even values of £. 

T °{a°) = -a° 1 < j < £ and j is odd 

T °( a fc) = a l-i + Q fc + Q fc+i 1 < ^ < ^ and A; is even 
r°(a2) = 2aS_ 1 +a5. 



4 Listing of involutive automorphisms of 
4.1 Outline of method 

There are essentially two stages in determining the conjugacy classes of an untwisted affine Kac- 
Moody algebra C in the matrix formulation. The first is to find, for each type of automorphism, 
all the U(t) matrices corresponding to Cartan preserving involutive automorphisms. This involves 
working through all the root preserving transformations of £° in the manner described in detail 
For Ci these root preserving transformations are precisely those listed in the 
Section y. The resulting U(i) matrices are listed in the following subsection. The second stage, 
which is much more difficult, is to determine which of the corresponding automorphisms of C are 
actually conjugate to each other. Some general considerations on this matter for cl are described 
in the next subsection, and these are developed further for type la involutive automorphisms with 
u = 1 in Section ||, for type la involutive automorphisms with u = —1 in Section ||, and for type 
2a involutive automorphisms (with u = 1) in Section (?]. 



in [i4, rra, ra, is 



4.2 Initial listing 

(i) For the type la involutive automorphisms with u = 1 the U(t) matrices are: 

dsumfD^D^} 
dsum{D°^,D°J 
offsum{G^,A £+1 ^+iG^} 
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dsum{L - L'^J. 

(ii) For the type la involutive automorphisms with u = — 1 the U(i) matrices are: 

dsum{D°„D°,} 
dsum{D°„-D°,} 
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F £/ 

A 2 t M2 Mf/_ 2 

V ~^F-j 0/ 



/ M' M _ 2 \ 

B £/ 
-A 2 ^ 2 M'f/_ 2 

V A 2 ^E £ -i J 

dsum{L' 1/ _ 1 ,A 2 t M2 L' 1/ _ 1 } 

(iii) For the type 2a involutive automorphisms (with u = 1) the U(i) matrices are: 

dsum{Di^,D M } 



dsum{Di^,Di^} 

f H M \ 

v A m t^H^ j 







f Di,,- 
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t^HgJ 




















-t^D^ ' 
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( N l,4 
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-t 2 ^N-i 






















n _+2Mrj-)- 1 

u 1 ^q+2-r- 
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t^u 
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v.i 










/ 



( N U 


















Aot^H 
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o tMH q+ 2,e 

-X 2 t 2 ^N 1 - q 1 




q+2,t 

dsum{N lj(? , D^, i^N^f'+'D^a, 
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1,9-1 







































































_+2/^i\r _1 

1 ly q,i-2 










( N^_ 2 
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o / 



dsum{N / u _ 1 ,N' lj 



-J 



dsumlNi^^-Ni^J. 



(68) 
(69) 

(70) 



(71) 

(72) 
(73) 



4.3 Simplification of listing 

In this subsection, we will investigate the conjugacy of some of the automorphisms specified in the 
previous subsection. 

(i) Let ~U(t) given by (38) and let U'(i) be obtained from U(t) by replacing Li )9 with Wi j9 . 
We define 

S(t) = dsum{Vi(t)(t), . . - , Vi (ff+1) (t), l £ _ q _ v V a (t), • • • , V' |(9+1) (t), l^J, 

where 

v jW = ^ ( ^-f - ""-ir 1 ) ^ - T2 ( ^r" ) ■ 

Thus 

S^U'^S^)- 1 = U(t) , S(t)JS(t) = J. 

Consequently in (^) we may assume without loss of generality that Eq^ may be replaced by 
Wi g. Similarly in (f40|), ( fll| ) and ( f42| ) we may assume that the submatrices L>jk are replaced 
by the submatrices Wj^. Furthermore, the above analysis may be modified slightly for type la 
automorphisms with u = — 1 and also for type 2a automorphisms with u = 1. Thus, if U(t) is 
given by any one of f)|), (§D, @, @, (§7|), @ or fl7|), then the submatrices M i)fc (or 
Nj fc) may be replaced by W^. 

(ii) Let U(i) be given by ( |36"| ) and let V(t) be obtained from U(t) by setting Aj = 1 (for 
2 < i < £ + 1) and also by setting = pj (for 2 < j < £ + 1). If we define 

t = A7 + \diag{l, A|t ff2 , . . . , \jt ae } , S(t) = dsum^+^t -1 }, 



then 

S(t)JS(i) = ^ +1 J , S(t)U , (t)S(t)~ 1 = Xj^ t+1 U(t). 

Thus in (j36j) we may assume that Aji w = t Pj (for 2 < j < £ + 1). Furthermore the above argument 
may be modified slightly for the matrices given by (|48|) or (|6^) but with the same result. In fact 
this result may be extended even further. If U(t) is given by any one of (|37|) , d38|) , (^3), (|49|), (|5(i|) , 
(HD, (H), (ID, ©, ©, @, © or flj), then in the submatrices E jife (or F iifc ,G i)Jk ,H iifc 
etc.) we may assume that \ m t Pm = t pm for j < m < k. 

(iii) Let U(t) be given by (|39|) and let U'(t) be obtained from U(t) by putting Xjt^ = 1 (for 
3 < j < q, (q - j) is even) and by putting Xjt^ = t p ^ (for j = 2, q + 2 < j < £). Then let 

ti = diag{A 2 ^t~ a \ 1, A^Ag^ 3 -' 72 , 1, • • • , AJ* V*-* 2 , 1}, 

t 2 = A 2 ^diag{A| +2 ^+ 2 , . . . , A|r*}, 



t 3 = diag{ Af , t CT2 , Af Ag" 1 *-^ , ^ 2 , . . . , Af A" 1 *""* , t CT2 } , 



and 



S(i) = dsumjti, t 2 , t 3 , t 2 1 }. 

Then S(i)JS(t) = t a2 3, and S(t)U'(t)S(t)~ 1 = t a2 XJ(t). Hence, in @, we may assume that the 
matrices U(i) are all of the form U'(i), where U'(t) is as defined above. Similar assumptions may 
be made about the matrices given by (f43|), (|53|), (^9|), (|60|), ( |68| ) and (fn]). The proof is very 
similar to that just given. 

(iv) Let U(i) be any matrix of the form dsumja, b}, where a and b are (£ x £) matrices such 
that 

a = diag{ai, . . . ,ae} , b = diag{6i, . . . ,bi}, 

and let a' and b' be obtained from a and b by exchanging j and k (where 1 < j, k < i) in their 
respective index sets. Let U'(i) be given by offsumja', b'} and define S by 



Sab 



1 if a = b,a / j, k, j + £, k + £ 

if a = b,a = j,k,j + £,k + £ 

1 if (a,b) = (j,k),(k,j),(j +£,k + £),(k + £,j + £) 
otherwise. 



Then SJS = J and SU(t)S" 1 = U'(t). Similarly if 

U(t) = offsumja, b} 
U'(t) =offsum{a',b'}, 

then we still find that 

SJS = J , SU(t)S" 1 = U'(t). 

This may be extended further to some of the other matrices under consideration. In fact, U(i) will 
almost always have submatrices that are diagonal. The above analysis will extend to these cases, 
allowing us to alter the index sets of the diagonal parts arbitrarily. 

(v) Let U(i) = dsum{a, b}, where a and b are as defined in (iv), and let U'(i) be obtained 
from U(t) by exchanging the elements dj and bj for 1 < j < I. Define S by 



S, 



ab 



1 if a = b, a ^ j, j + £ 

if a = b = j, j + £ 

1 H(a,b) = (j,j+£),(j+£,j) 
otherwise. 



Then SJS = J and SU(t)S 1 = U'(i). Thus the order of diagonal elements may be regarded as 
being arbitrary, up to a certain point. Furthermore, if U(t) is given by 

U(i) = offsumja, b}, 

and if U'(t) is obtained from U(i) by exchanging the elements aj and bj, then the above analysis 
still holds. That is, dj and bj may be exchanged without loss of generality. As in (iv), we may 
extend this to those matrices U(i) with diagonal submatrices. The conclusion still holds. That is, 
in the index set {1, . . . , 21} of U(i) we may exchange the jth and the (j + ^)th members, without 
loss of generality. 

(vi) Let U(t) be of the general form ( p6| ) and let U'(t) be obtained form U(t) by setting [i q = 0. 
If we let S(t) = dsum{l£,t"^l4, then 



S(i)U(i)S(i 



u'(t) , sjs = r 



/'9 



Thus we may assume without loss of generality that fi q = 0. Similarly, if U(i) is given by (|67|), 
(PD> ( I^Q| ) or ( T^D then without loss of generality the quantities fi r , fi£, and \xi may be assumed to 
be zero. 



(vii) Let V(t) be of the form 



U(i) 






V 



\ 
0a 
H 2 



^00/ 

where Hi and H2 are arbitrary (£ — q) x {£ — q) matrices and 

a = diag{^-9 +1 ,...,t^}. 
Let U'(i) be given by dsum{Hi, l q , H2, — l q }- If we define S(i) by 



S(t) 



/ U-q 

(2)-h, 



V (2)-5 a - 1 






h-q 







-(2)~!a 


(2)-H g y 



then we have that S(t)JS(t) = J and also that S(t)U'(t)S(f) _1 = U(i). This allows for a great 
amount of simplification later on. Many automorphisms can be shown to be conjugate by using 
this matrix transformation. Moreover, it is also valid for the type la involutive automorphisms 
(with u = — 1) and the type 2a involutive automorphisms (with u = 1). This is because in the 
former case S(— t) = S(t) and in the latter S(i _1 ) = S(t). 



5 Study of the type la involutive automorphisms with u = 1 

5.1 Conjugacy analysis 

Using the results of Section ^ we find that each involutive automorphism of type la with u = 1 is 
conjugate to at least one automorphism corresponding to one of the following matrices: 



U(t) = dsum{D° / ,D° / } 



(74) 



U(t) = dsum{l £ , -li} 



(75) 



U(t) 





U(t) 


= offsumjl^, tlf} 






/ 










\ 












-1 







o -M. q 







V 





tlt-q-l 





/ 



U(t) = dsum{L?,_ 1 ,L^_ 1 } 



U(t) = dsum{L° 



<-l> 



-1>- 



(76) 
(77) 

(78) 
(79) 



We note first that the mapping t >— > st is of some importance since the conjugacy conditions for 
two type la involutive automorphisms (with u = 1) include expressions JJ(st). However, we may 
always assume that s = 1. This is because the mapping t i— > st corresponds merely to a change 
in some of the parameters Aj which we have already shown to be completely arbitrary (changing 
them does not affect the conjugacy class of the associated automorphism). In particular, for those 
automorphisms corresponding to (|7^), it follows from (iv) of Section |] that the matrices U(t) may 
be assumed to be of the form 



U(t) = dsum{l m , -ll-m, 1m, -l£-m}, 

and we may assume that £ — m < [|]. Thus we are investigating precisely (1 + [|]) distinct 
automorphisms, each of which corresponds to a different value of {£ — m). 

We define (A)^) (for < j < [I]) to be the conjugacy class containing the type la (with u = 1) 
automorphism corresponding to Uj, where 

Uj = dsum{l*_j, -lj, lt-j, -lj}. (80) 

We will demonstrate that (A)( J ) is disjoint from (A)^ when j ^ k. If the classes (A)^) and (A)^ 
did coincide for different values of j and k, then it would be necessary for a matrix S(t) to exist 
such that 

S(t) dsumUj Sit)- 1 = A^U fc , (81) 

where Uj and are defined as in (|80|). This would have to hold for all values of t, and for t = 1 
in particular. Upon putting i = 1 in the equation ( |ST| ) we find that there cannot be any Laurent 
matrix S(t) that satisfies (^l|). Thus the automorphisms that correspond to (M) fall into precisely 

(1 + [|]) disjoint conjugacy classes which we have called (A)(°), . . . , (A) ((1+ [2])). It is clear that 
(A)(°) contains only the identity automorphism. 

We move onto the automorphism corresponding to ( |75| ) and define (B) to be the conjugacy 
class containing the automorphism U(i) 1,0}, where U(i) is given by (f75|). We will show that (B) 
is disjoint from the classes (A)^ that we have discussed previously. If we suppose that (B) and 
(A)^) are the same for some suitable j, then the following must hold 

S(t)US(t)- 1 = A^U i; 

where Uj is as defined in (|80|). If we substitute t = 1 in this equation, then it is easily seen 
that £ must be even. Furthermore when £ is even, the matrix S(l) cannot be chosen such that 
S(1)JS(1) = AJ. Thus (B) is a class that is disjoint from all of the others identified so far. 

Next we consider the automorphism corresponding to ([76]). Consideration of the determinant 
of U(i) , where U(i) is given by (|7^), allows us to infer that the automorphism corresponding to it 



does not belong to any of the conjugacy classes that we have identified so far. Otherwise we would 
have 

S(t)US(i) _1 = AfU(t), (82) 



where U is a t- independent matrix. Taking determinants of both sides of (82) implies that k — 



2' 



which is obviously a contradiction. Hence the automorphisms corresponding to (pq), and for which 
fj,£ + i is odd, belong to some previously unidentified conjugacy class which we call (C). 

Let U(i) be given by (fT7|) and recall that the type la involutive automorphism corresponding 
to offsumjl^, tli} belongs to the conjugacy class (C). Then we define a matrix S(t) by 



S(t) 



/ Qi 
o 

Q 3 
V 



l-q-l 






Q 2 



Q 4 
o 



\ 







U-q-1 ) 



where the (a6)th elements of the (q + 1) X (q + 1) submatrices are given by 



{(Qi),(Q 2 ),(Q 3 ),(Q4)} 



{1, (2)-2,(2)-2 ) l} fora = 6;aodd, 

{ — (2)~ 2 it, i, i, — (2)~ ait -1 } for a = b;a even, 

oh ~ \ {i, — (2)~ n, (2)~^i, — i} for a = b — 1; a odd, 

{(2)~H 1, -1, -(2)-5t" 1 } for a = 6 - 1; a even, 

{0, 0, 0, 0} otherwise. 

Then S(t)JS(t) = J and S(i) offsumjl^, tl#] S(t) _1 = U(t). Hence the automorphisms ([77]) all 
belong to the conjugacy class (C). 

The only remaining type la involutive automorphisms with u = 1 are those given by (|78|) and 
(|79|). Let us first examine those given by fl78|). Consideration of the determinant of U(t) of (|78|) 



shows that the automorphism corresponding to it cannot belong to any of the conjugacy classes 

(A)(°), . . .,(A) { ^ or (B). Either it belongs to (C), or to some as yet unidentified conjugacy class. 
Let us suppose that it belongs to the class (C), so that for some matrix S(t) 

S(t) dsumtX^, L^-J S^)- 1 = offsum-tl^, tl e }. (83) 

We are assuming that ( p3| ) holds for every non-zero value of t, and in particular for t = 1. Let T 
be defined to be obtained from by setting t = 1. We know that there exists a t-independent 

matrix R such that 

Rdsum{T,f} R" 1 = dsumjWi^-i, W^-i}, 
but we know that there exists no t-independent matrix Q such that both 

Q dsum{W M _i, Wi #_i} Q^ 1 = /3offsum{l £ , l e } 



and 



QJQ = 7 J. 



does 



Thus our assumption that it belongs to the class (C) is false, and so the automorphism (p 
belong to some new conjugacy class (D). 

Finally, we examine the automorphism ( |79| ) and we demonstrate that this automorphism belongs 
to the conjugacy class (C). Let U(i) be given by (f7|) and let ~U'(t) be given by (f76|). Then 



S(t)U'(t)S(i) _1 = U(t) , S(t)JS(t) = J, 



where 

The submatrices Qi, Q2, Q3 and Q4 are of dimension t x i and their (afr)th elements are given by 

{1, (2)- 1 /2 ) (2)" 1 / 2 , 1} for a = 6; a odd, 

{-(2)" 1 / 2 it, i, i, — (2)~ 1 / 2 it- 1 } for a = b;a even, 

„/, s {^-(2) _1/2 i,(2)" 1/2 i,-i} for a = 6- 1; a odd, 

{(2)- 1 /2t ) i > _i ) (2)-V2 t -i} for a = 6 + 1; a even, 

{0, 0, 0, 0} otherwise. 



{(Qi),(Q 2 ),(Q 3 ),(Q4)} 



5.2 Explicit forms for the automorphisms 

With the analysis of the previous subsection we have identified all the conjugacy classes of the type 
la involutive automorphisms within the group of all automorphisms of C^. Curiously, there are 
more conjugacy classes for the case I = 2m than there are for the case I = 2m + 1. This is due to 
the nature of the conjugacy classes of the Weyl group for the algebra C^. We recall that for even 
t there was one extra family of conjugacy classes of involutive Weyl group elements. Some of the 
automorphisms associated with these Weyl group elements give rise to an 'extra' conjugacy class 
of involutive automorphisms of C^ 1 . 

1. The conjugacy class (A)(°) is clearly the conjugacy class which contains only the identity 
automorphism . 

2. The conjugacy class (A)W for b 7^ has a representative ■0, where ip has the following effect 
upon the basis elements: 

VK^qJ = h ak for & = 1,2, ... ,i 

a H ) ~ e jS±a H 

it \ / e. jS ±a k for k / £ - b; 1 < k < £ , . 

^ BjS±ak) = { -e j5 Ljork = £-b (84) 

ip(c) = c 

Tp(d) = d. 

Its U(t) matrix is given by the XJj of (80). 

3. The conjugacy class (B) has the following representative, which corresponds to the matrix 
U(t) = dsum{l £ ,-l £ }: 

V'(^afc) = h ak for k = 1, 2, . . . , £ 

= {^zX^'"" 1 ' 1 (85) 

0(c) = c 

0(d) = d. 



4. The conjugacy class (C) has the following representative, which corresponds to the matrix 
U(t) = offsum{l £ ,tl£}: 



K k for k = 1,2, ...,£- 1 
h ae + c for k = £ 



{ e j5Tak for k = 1,2,..., £-1 (86) 
\ -e(j±i)<5=F^ for A; = £ 



V'(c) 



5. The conjugacy class (D) which occurs only for even values of £, has the following representa- 
tive, which is the automorphism corresponding to the U(i) matrix of (f7§|): 

i>{K k ) = h ak + (-l) fe+1 cfor k = 1,2,..., £ 

!- e 0±i)5 T « fe for A; = 1, 1; /c is odd 

e (j= F i)<5±a fc _ 1 ±a fc ±a fc+1 for k = 1, . . . , £ - 2; k is even (87) 
e (jTl)<5±2a f _ 1 ±Q < for /c = 1 

■0(c) = c 

^(d) = d+2 (^ + l)( E J-l llpodd / 1Q J_^ c . 



6 Study of the type la involutive automorphisms with u = — 1 

6.1 Conjugacy analysis 



We shall begin this section by examining the automorphisms (fig). Define Sj (for 2 < j < by 
letting Sj = 1 if Aj = — 1, and by letting Sj = of Xj = 1. Then, with 

S(*) = dia g {l,t«,... > t^,l,t-«,...,t-'<}, 

it follows that 

S(t)JS(t) = J , S(t)l 2 ^S(-t)- 1 = U(t), 



so all of the automorphisms ( |46| ) belong to the same conjugacy class, which we will call (E). 

The automorphisms ( f47|) all belong to the class (E). If U(i) is given by ( |47| ) then we may define 
S(t)by 

S(t)=diag{l,t" 2 ,...,^,i,t 1 -^,...,t 1 -^}, 

so that 

S(t)JS(t) = J , S(t)l 2 ^S(-i) _1 = U(t). 

The analysis of Section || implies that that the automorphisms (|48|) are all conjugate and, 
furthermore, they all belong to the conjugacy class (E). 

Consider the type la automorphism with s = 1 that corresponds to the matrix S(t) where 

S{t) = dsum{l e ,tl £ }. (88) 



This automorphism is such that conjugation of an automorphism given by (|49Q gives rise to an 
automorphism given by (|50|). Hence every automorphism given by ( |50| ) is conjugate to one given 
by (p9|) - We infer from the results of the Section ||] that the automorphisms ([49|) belong to the 



conjugacy class (E). Similar results follow for the remaining type la involutive automorphisms 
(with u = —1). That is, for those given by (51) through to (62). The results of Section ^ together 
with conjugation by the automorphism corresponding to ( |8£j ) imply that all of these automorphisms 
belong to the conjugacy class (E). 



6.2 Explicit form of automorphism 

A representative automorphism ip of the class (E) is given by 



4>(ej6±a H ] 



h ak for k 

(-iye jS ± aH 

(-l) j e jS ± ak for k 

c 

d. 



This automorphism corresponds to the matrix U(i) = In- 



7 Study of the type 2a involutive automorphisms with u = 1 

7.1 Conjugacy analysis 

Using the results of Section |||, we find that each type 2a involutive automorphism (with u = 1) is 
conjugate to some type 2a involutive automorphism corresponding to one of: 

U(i) = dsum{D w , D^j} (90) 

U(t) = dsumfDi^iD^j} (91) 
U(t) = dsum{D M , -D^j} (92) 
U(t) = dsum{D M , -tT>lj} (93) 
The conjugacy conditions (p7|) and (p9|) for type 2a automorphisms may be further refined in 



the involutive case as follows. Let two involutive automorphisms of type 2a and with u = 1 have 
associated matrices U(t) and U'(t). Then these are conjugate via the automorphism {S(i),s,£} 
(where s 2 = 1) if and only if 



S(t)U(st)S(t- 1 )- 1 = A^U'(t) (where S(t) is of type la) 
S^U^r^S^- 1 )- 1 = Xt" (where S(t) is of type 2a). 



Thus, to prove that any two automorphisms are not conjugate, we may prove that it is not possible 
to satisfy (|94|). In addition, it may be possible to satisfy (|94j) but only if certain forbidden or 
contradictory conditions are fulfilled. In this subsection we prove that automorphisms are not 
conjugate by substituting the values s = 1,-1 and t = 1,-1 into an equation of the form (|9"4|). We 
then find a number of contradictions which complete the proof. In some cases it may be that there 



is no matrix S(l) or S(— 1) that satisfies (94) (with substitutions) and also satisfies 



S(±1)JS(±1) = AJ. 

We shall begin by examining the automorphisms corresponding to (|90|), It follows from Section^] 
that U(t) may be assumed to be of the form 

U(i) = dsum{l a , -1 6 , tl c , -tl d , l a , -l h .r l l c , -t-Ha}, (95) 



where a + b + c + d = £. For any matrix of the form (|95|), we define a function 0, whose argument 
is the matrix U(i) and whose resultant value is an ordered quadruplet. Let 6 be specified by 

0(U(t)) = {a,b,c,d). 

We define (F)w'>*0 to be the set containing the automorphism corresponding to U(i) where ~U(t) is 
such that 

0( u (*)) = (iti,n 2 ,u 3 ,u 4 ) 

with («2 + Ua) = j an d (1*3 — 114) = k. One assumption which may be made after examining 
Section |4| is that < U2 — M4 < [|]. We will now show that the automorphisms within each 
set (F)w>*0 are mutually conjugate. To do this, let U(i) and U'(i) be given by (|95|) such that 
0(U(i)) = n m , nL) and 0(U'(i)) = (n+ — l,n m — l,n+ + 1,71*1 + 1). We will now show 
that the automorphisms {U(i), 1,£} and {U'(t), are conjugate. Let the matrix S(i) be given 
by 



/ ln+-l 









This satisfies 




















id 



- r 































(l + t- 1 )!! 













\ 



-1 / 



s(t)js(t) = j , s^u^s^- 1 )- 1 = U"(t), 



where U"(t) is some matrix which, according to Section ^, is conjugate to the automorphism 
corresponding to ~U'(t). Hence the automorphisms corresponding to U(t) and U'(t) are conjugate, 
as we set out to show. 

We know already that we may restrict the choice of the parameter j in the expression (F)^) 
to the values such that < j < [4]. In fact it is possible to restrict the choice of k so that 



o<k<(m-j). 



(96) 



This means that the members of the set (F)( J ' ,fe ') (where k' does not satisfy < k' < ([4] — j')) are 



all conjugate to the members of (F)( J ' fc ) where j, k do satisfy (96). We prove this by supposing that 
j,k are such that they do not satisfy (|9^). We know, however, that the matrix corresponding to 
U(t) is conjugate to the matrix corresponding to U(— t). A brief inspection of U(— t) coupled with 
results of Section Q indicate that the members of (F)^ ,fc ^ are indeed conjugate to the members of 
(F)( m < n ) where m,n do satisfy (pq). 

It follows that every automorphism ([X]) belongs to at least one set (F)( J,fc ) for suitable values 
of j, k. Let us then redefine (F)^ ,fc ) slightly to be the conjugacy class containing the automorphism 
corresponding to U(i) where U(i) is such that 

0(U(i)) = (ui,u 2 ,u 3 ,u 4 ) 

with (u2 + 114) = j and (113 — 114) = k. We have seen that the values 



j = 0,...,[f];fe = 0,...,([|]-j) 



(97) 



are sufficient, in that every automorphism (|90| ) belongs to one of the classes (F)^W. We will now 
show that, for the values specified in (97), the corresponding classes (F)d> k ) are all disjoint. Suppose 
that (F)( a ' fe ) coincides with (F)^ for (a, b) / (c,d). Then define U(i) and U'(t) by 

U(i) = dsum{l n+ _ b , -1 , l n+ _fe, £ -1 lb, -l a } 
U'(t) = dsum{l„ + _ d , tl d , -l c , l n+ -d, t _1 ld, -l c }- 

Our supposition implies that for all non-zero t 

S(i) Ufa** 1 ) S^" 1 )" 1 = At"U'(i). (98) 



We know that s may take the values 1 or -1. If s = 1 and we put t = 1 in ( |98[ ) then we have 
the necessary condition that a + c = £, which implies that a = c. In that case, we put t = — 1 
which implies that b = d. This contradicts our original supposition and so we must have s = — 1. 
However, putting i = 1, — 1 in (^) implies again that a = c and b = d. Thus the conjugacy classes 
(F)CW where < j < [|] and < A; < ([|] — j) are disjoint for different choices of (j, k). Moreover, 
every automorphism given by ([X]) belongs to one of these classes. 

Consider next the automorphisms (|9l]) for which we may assume that 



U(t) = dsum{l£_ a , -l a ,tlt- a , -tl a }. (99) 

As we have mentioned already, it can be shown that b < [|]. Thus, since a can only take values 
0, . . . , [|], we are concerned with precisely (1 + [|]) distinct automorphisms. Each distinct auto- 
morphism corresponds to a different value of a. The automorphisms (^) fall therefore into at most 
(l + [f]) disjoint conjugacy classes. Let (G)^^ be the conjugacy class containing the automorphism 
corresponding to U(i) where U(t) is given by ( |99| ) but with a = j. We note that j is restricted to 
the values 0, . . . , [|]. We now show that (G)^) is disjoint from (G)^) when j / k. Let Uj(£) and 
Ufc(i) be given by (|99|) but with a = j,k respectively. If (G)V' and (G)( fe ) are the same, then 



S(t) Ujist^- 1 ) S^- 1 )- 1 = OT t (<) (100) 

with s = 1,-1. If we suppose that s = 1, then putting t = 1 yields a contradiction, since ( |100| ) 
then implies that j = k, which is not the case. Thus we suppose that s = 1. If we put t = —1 in 
( |100| ) then we again find that this is not possible. Hence the conjugacy classes (G)*-^ are disjoint 
for distinct values of j. Similarly, the conjugacy classes (F)( m,n ) are disjoint from the classes (G)( fc ). 
This may be proven by substituting the values s = ±l,t = ±1 into a necessary matrix condition. 
It will be seen that in both of the cases s = 1,-1 this proves to be impossible. Clearly, the matrix 
equations will have solutions for S(±l), but these will not satisfy 

S(±l) J S(±l) = AJ. 

(Much of this has already been done in Section ||| and is applicable here when dealing with t- 
independent matrices). 

Consider the automorphisms (|92|) for which we may take 



U(t) = dsum{l^_ a , tl a , -lt-a, -tla}- (101) 

We will show that all of these automorphisms are mutually conjugate. Let U(t) and U'(t) be given 
by (|101| ) but with a = j, j + 1 respectively. Then we define S(t) by 



/ le-j-i o o o o \ 

i(l + t)li o i(i — t)li 

1 M 

o i(i-r x )ii o ^(l + ^^ii o 

l j+2 ) 



where S(i)JS(t) = J and S(t)U(t)S(t~ 1 )" 1 = U'(i). Hence all of the automorphisms (H) are 
mutually conjugate. Moreover, this class is disjoint from all of the other classes identified previously. 
The method outlined previously demonstrates that this is so. We call this class (H). 

Consider the automorphisms (|93[). It follows from Section |] that U(i) may be suitably reordered 
so that 

U(t) = dsum{l^_ a , -l a , -tli- a , tl a }. (102) 
We have remarked that the automorphisms corresponding to U(i) and U(— t) are conjugate. If we 



then consider U(— t), where U(t) is given by (102) then it is clear that the automorphisms ( |93| ) 
belong to the conjugacy classes (G)^ which we defined earlier. 

7.2 Explicit forms for the automorphisms 

Now we give representatives for the classes which we identified in the previous subsection. 
1. The class (F)( a,fe ) has the following representative: 



HK k ) 
ip(ej6±a H , 



cfor k = l;b^ 



Oik 

ah +cfor k = 6+ l;b ^ 



h ak otherwise. 

-jS±a H 



'(-j-l)5±a 1 



for k = 1; b ^ 



He) 



e_js±a k for 1 < k < b + 1; b ^ 
e (i-j)<5±a fc for fc = 6 + 1; 6 7^ 
— e-^iaj. for A; = £ — a; a ^ 
e_j-&±. afc otherwise 



rf " 4(* + l)(E;=iMa P+1 +bJ2p=i + 2 K + (b/2)h at ) - 2b{l + l)c. 



(103) 



This corresponds to the matrix 

dsumjli, tlb, le-a-b-l, —la, li,* 1ft, 1^-a-fc-l, 

2. The class (G)( 6 ) has the following representative: 

, _ J h ah for k = 1,. . . ,£ - 1 

^ ° J ~ \ h ae -cioi k = l 

{-e_ jS±ak for k = £ - b; b / 
e-(j+i)<5±a< for k = £ 
e-js±a k otherwise 

ip(c) = c 

i>(d) = d + 2{£ + l)(Y? p Z} lP K v + (£/2K t ) + {{£(£ + I)) /2}c. 

This corresponds to the matrix dsum{l£_{,, — l{,,tl£_{,, — *lfe}- 

3. Finally, the class (H) has the following representative: 



(104) 



(105) 



HK k ) 


— h ak 




= ~ e -j6±a H 




{ e-js±a k for k = 
\ -e-j8±a e for k 


He) 


= — c 


Hd) 


= -d. 



1,... 



(106) 



This corresponds to the matrix dsum{l£, — \{\. 



8 Summary of conclusions 

For the complex untwisted affine Kac-Moody algebra C^p the representatives of the conjugacy 
classes of involutive automorphisms are as follows: 

1. Involutive automorphisms of type la with u = 1: 

(a) For the conjugacy classes (A)^, where < j < [&], the representative for (A)^ is the 
identity automorphism, and the representatives for (A)(°) (for < j < [|]) are given in 



(b) For the conjugacy class (B) the representative is given in (| 

(c) For the conjugacy class (C) the representative is given in 

(d) For the conjugacy class (D), which exists only for £ even, the representative is given in 
ft- 



2. Involutive automorphisms of type la with u = —1: There is only one conjugacy class, (E), 
for which the representative is given in fl89|). 



3. Involutive automorphisms of type 2a (with u = 1): 



(a) For the conjugacy classes (F)^' k \ where < j < [f] and < k < ([|] — j), the 



representatives are given in ( |103| ). 
(b) For the conjugacy classes (G)^\ where < j < [|], the representatives are given in 

(EH). 



(c) For the conjugacy class (H) the representative is given in (106). 
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